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Effects of nonlocality of nuclear potentials on direct capture reactions
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Calculations of the direct radiative capture reactions are made for the 48Ca(n, γ)49Ca, 7Li(n, γ)8Li
and 12C(p, γ)13N reactions with the Perey-Buck type nonlocal potentials using a potential model.
Our results reproduce the experimental data reasonably well. From comparisons with results ob-
tained by using local potentials, it is found that the cross sections of direct capture reactions may
change by around 25% due to the nonlcality of nuclear potentials.
PACS numbers: 24.10.Ht, 24.50.+g, 25.40.Cm, 25.40.Dn
I. INTRODUCTION
Radiative capture of nucleons at energies of astrophys-
ical interest is one of the most important processes for
nucleosynthesis. The nucleon capture can occur through
both the compound nucleus formation and direct capture
processes [1–3]. At low incident energies, the cross sec-
tions of the compound processes are usually very small
because only a few excited states of the compound nuclei
are involved. In these cases, the direct capture mech-
anism may be dominant. The direct radiative capture
reactions, especially at the low energy region, play a cru-
cial role in studies of big bang nucleosynthesis, main path
stellar evolution, element synthesis at supernova sites, X-
ray bursts etc., since these cross sections are often nec-
essary for investigating the astrophysical entities [4, 5].
These necessitate reliable theoretical models of direct ra-
diative capture reactions from low to high energies.
The direct radiative capture process represents a tran-
sition of the projectile-target system from an initial con-
tinuum state to a final bound state via interaction with
the electromagnetic field. The reaction selects those pro-
jectiles from the appropriate partial waves with orbital
angular momentum that can jump into the final orbits by
emission of γ ray of multipolarity L. In order to calcu-
late the direct capture cross sections, one needs to solve
the many-body problems for the bound and continuum
states of relevance. There are several levels of difficulties
in attacking this problem. Theories, such as the micro-
scopic cluster model [6] and the R-matrix method [7],
have been developed to overcome these difficulties. How-
ever, the simplest solution is the potential model [8–12].
This model represents the initial and final states of the re-
action system with the continuum/scattering and bound
state wave functions, which are solutions of the two-body
Schro¨dinger equation with a potential in the center-of-
mass of the projectile and the target nuclei. The cross
sections are sensitive to these potentials.
In principle, the potentials that are responsible to the
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scattering and reactions of a projectile (nucleon or nu-
cleus) with a target nucleus are nonlocal. Sources of
the nonlocality in these effective potentials arise predom-
inantly from antisymmetrization [13] and channel cou-
plings [14]. In a folding model, the nonlocal character
of the nucleon-nucleus optical potential is solely deter-
mined by the off-shell structure of NN t-matrix [15–17].
The nonlocality of nucleon-nucleus potentials can be nat-
urally dealt with in momentum space [18–20]. In coordi-
nate space, nonlocal potentials are often given in tabular
forms with microscopic models [21], which are not con-
venient to be used in usual nuclear reaction calculations
and to be compared with results of different systems and
different works. Because of these reasons, the separa-
ble form of nonlocal potentials proposed by Perey and
Buck (PB) [22], which is parameterized with a range of
nonlocality, is most widely used in various nuclear reac-
tion calculations [23–28] although it may not represent
the real structure of nonlocal potentials given by micro-
scopic theories sufficiently well. Some systematic nonlo-
cal nucleon-nucleus potentials have also been proposed
with the Perey-Buck form [22, 29].
We adopt the Perey-Buck type nonlocal potential to
study the effects of potential nonlocality to direct capture
reactions. In Sec. II we briefly introduce the numerical
method to solve the Schro¨dinger equations with nonlocal
potentials. We investigate the nonlocality effects on neu-
tron and proton direct capture reactions in Sec. III. The
cases reported here are the 48Ca(n, γ)49Ca, 7Li(n, γ)8Li
and 12C(p, γ)13N, reactions. A summary of the present
work is presented in Sec. IV.
2II. THE POTENTIAL MODEL FOR DIRECT
RADIATIVE CAPTURE REACTIONS
With the potential model [8–12], the cross sections for
direct radiative capture reaction, x(n, γ)a is:
σd.c.piL,Jb =
(2pi)3
k2
(
Enx + Eb
~c
)
2(2Ia + 1)
(2In + 1)(2Ix + 1)
× L+ 1
L[(2L+ 1)!!]2
∑
Jcjclc
(2Jc + 1)
×
{
jc Jc Ix
Jb jb L
}2
|〈lbjb||O||lcjc〉|2,
(1)
where pi = E or M , which stands for electronic or mag-
netic transitions, respectively, L is the multipoliarity of
the emitting γ-ray. In, Ix and Ia are intrinsic spins of
the cluster n (n can also be a nucleon), the nucleus x,
and the composite nucleus a = n + x, respectively. In
the n-x system, lc is the orbital angular momentum of
n in continuum states, and jc = lc + In. Similarly, lb is
the orbital angular momentum of n in bound states, and
j b = lb + In. J c = jc + Ix and J b = j b + Ix are channel
spins of the incident- and exit-channels (corresponding
to continuum and bound states of the n-x system). Eb
is the binding energy of n in the bound states of a. Enx
is the incident energy in the center-of-mass system and
〈lbjb||O||lcjc〉 is the reduced matrix element, which can
be expressed as a product of two factors:
〈lbjb||O||lcjc〉 = τb,cAb,c, (2)
where
τb,c =
∫
ub(r)r
Luc(r)dr (3)
is the overlap integral of the radial parts of the scattering
wave function, uc, and the bound state wave function,
ub, of n in the n+x system. The factor Ab,c denotes an
angular momentum coupling coefficient [10].
The total direct capture cross section is obtained by
adding all multipolarities and final spins of the bound
state.
σd.c.(Enx) =
∑
LJb
(SF )Jbσ
d.c.
LJb
(Enx) (4)
where (SF )Jb are spectroscopic factors of n in each of
the bound states of a. For charged particles it is more
convenient to use the astrophysical S-factors instead of
the cross sections:
S(Enx) = Enxσ
d.c.(Enx) exp[2piη(Enx)], (5)
where η(Enx) is the Sommerfeld parameter:
η(Enx) =
ZnZxe
2
~
(
µ
2Enx
)1/2
, (6)
µ is the reduced mass of n in the n-x system, and Zn and
Zx are charge numbers of n and x, respectively.
The radial wave functions ub and uc in Eq. (3) are
solutions of Schro¨dinger equations. With local potentials,
the radial part of the schro¨dinger equation reads:
~
2
2µ
[
d2
dr2
− l(l+ 1)
r2
]
ujl(r) + [E − VL(r)
− VC(r) − (In · l)Vso(r)]ujl(r) = 0,
(7)
where the energy E is Eb for a bound state, and is Enx
for a scattering state, l is the angular momentum of n
in the n-x system, j = l + In , VL(r) and Vso(r) are the
central and the spin-orbital parts of the local potentials,
respectively, and VC(r) is the Coulomb potential assum-
ing a uniform charge distribution with a radius RC:
VC(r) =
ZnZxe
2
2RC
(
3− r
2
R2C
)
, for r ≤ RC
=
ZnZxe
2
r
. for r > RC
(8)
A Woods-Saxon and a derivative of Woods-Saxon form
factors are used for VL(r) and Vso(r), respectively,
namely [12],
VL(r) = VLf0(r), (9)
and
Vso(r) = 2Vso
1
r
d
dr
fso(r), (10)
where
fi(r) =
[
1 + exp
(
r −Ri
ai
)]−1
,
i = 0 and so labeling the central and spin-orbital terms,
respectively, and Ri = riA
1/3 and ai are the radius and
diffuseness parameters with A being the atomic number
of the target nucleus.
In this work, we only take the central part of the po-
tential nonlocal and keep the spin-orbital and Coulomb
terms local. Furthermore, the Perey-Buck form of non-
locality is adopted, with which the schro¨dinger equation
reads:
~
2
2µ
[
d2
dr2
− l(l + 1)
r2
]
ujl(r)+
[E − VC(r) − (In · l)Vso(r)]ujl(r)−∫ ∞
0
gl(r, r
′)ujl(r
′)dr′ = 0,
(11)
where [22]
gl(r, r
′) =
1√
piβ
exp
[
−
(
r2 + r′2
β2
)]
2ilzjl(−iz)W (p),
(12)
3and W (p) = VNLf0(p), p =
r+r′
2 , and z =
2rr′
β2 . Here β
is the range of non-locality and jl(−iz) is the spherical
Bessel functions of the l-th order.
The schro¨dinger equation with a nonlocal potential is
solved with iterations. We firstly find the solution, u
(0)
j ,
of the Schro¨dinger equation with an initial local potential
Vinit:
~
2
2µ
[
d2
dr2
− l(l + 1)
r2
]
u
(0)
j (r) + [E − (Vinit(r)+
VC(r) + (In · l)Vso(r)]u(0)j (r) = 0
(13)
An iteration is then made until a converged result is ob-
tained. For the i-th iteraction, we have:
~
2
2µ
[
d2
dr2
− l(l+ 1)
r2
]
u
(i)
j (r) + [E − (Vinit(r)
+ VC(r) + (In · l)Vso(r))]u(i)j (r)
=
∫
gl(r, r
′)u
(i−1)
j (r
′)dr′ − Vinit(r)u(i−1)j (r).
(14)
III. RESULTS OF NUMERICAL
CALCULATIONS
In this section, we present our results of numerical
calculations for direct capture reactions, 48Ca(n, γ)49Ca,
7Li(n, γ)8Li and 12C(p, γ)13N within the ranges of inci-
dent energies from 0.01 MeV to 0.4 MeV, from 0.01 MeV
to 2 MeV, and from 0 MeV to 1.2 MeV, respectively,
which are interesting for nuclear astrophysical studies.
With these energy ranges, all these three reactions are
E1 dominant [30–34]. We firstly find the local and nonlo-
cal potential parameters for bound and scattering states
of these reactions in section III A. The direct capture re-
action cross sections are then calculated using these po-
tentials and compared with experimental data in section
III B.
A. Local and nonlocal potential parameters for
bound and scattering states
Usual Woods-Saxon form factors are assumed for these
potentials. Empirical values are used for the radius pa-
rameters and the range of nonlocality, namely, r0 = 1.25
fm and β = 0.85 fm. The other parameters are allowed
to vary to simultaneously reproduce the binding energies
and the s-wave scattering lengths of the n-x systems.
For the 12C(p, γ)13N reaction, a potential supporting the
resonance state at 0.422 MeV is also found. The same is
done for local potentials.
For the 48Ca(n, γ)49Ca reaction, we consider one neu-
tron capture into the ground (32
−
) and the first excited
states (12
−
, 2.023 MeV) of 49Ca. These states are as-
sumed to consist of an inert 48Ca core and a neutron in
the 2p3/2 and 2p1/2 orbitals, respectively. One set of po-
tential parameters are found to simultaneously reproduce
the neutron binding energies in both states of 49Ca and
the s-wave scattering length, α0 = 0.36±0.09 fm [35]. For
the 7Li(n, γ)8Li reaction, the neutron is assumed to be
captured into the ground state (2+) and the first excited
state (1+, 0.981 MeV) of 8Li. These states are assumed
to consist of an inert 7Li core and a neutron in the 1p3/2
and 1p1/2 orbitals, respectively. For this reaction we have
to find two sets of potential parameters, one set to si-
multaneously reproduce the ground state binding energy
and the spin-state scattering length a+ = −3.63 ± 0.05
fm (groups “local–gs” and “nonlocal–gs” for local and
nonlocal potentials, corresponding to the spin 2 of the
ground state of 8Li) and another set to simultaneously
reproduce the Eb in the first excited state of
8Li and the
spin-state scattering length a− = 0.87± 0.07 fm (groups
“local–1ex” and “nonlocal–1ex” for local and nonlocal
potentials, corresponding to the spin 1 of the first ex-
cited state of 8Li) [36]. For the 12C(p, γ)13N reaction,
the proton is assumed to be captured in the ground state
of 13N, which is considered to consist of a inert 12C core
and a proton in the 1p1/2 orbital. There is a resonance
state in the p-12C system at 0.422 MeV with spin-parity
of 12
+
. We found two sets of potential parameters for
these two states, labeled as “local–dir” and “local–res”
for local potentials and “nonlocal-dir” and “nonlocal-res”
for nonlocal potentials, respectively. Parameters of these
potentials are given in Table. I.
TABLE I. Potential parameters found for the 48Ca(n, γ)49Ca,
7Li(n, γ)8Li and 12C(p, γ)13N reactions. See the text for the
details. The units of V0 and Vso are MeV and MeV fm
2,
respectively, and those of r0, a0, rso and aso are femtometer.
target group V0 r0 a0 Vso rso aso β
48Ca local 47.24 1.25 0.65 16.52 1.25 0.65
nonlocal 60.58 1.25 0.65 18.25 1.25 0.65 0.85
7Li local–gs 40.35 1.25 0.773 10 1.25 0.65
local–1ex 46.52 1.25 0.603 10 1.25 0.65
nonlocal–gs 45.78 1.25 0.773 10 1.25 0.65 0.85
nonlocal–1ex 54.5 1.25 0.603 10 1.25 0.65 0.85
12C local–dir 41.66 1.25 0.65 10 1.25 0.65
local–res 54.44 1.25 0.65 10 1.25 0.65
nonlocal–dir 48.35 1.25 0.65 10 1.25 0.65 0.85
nonlocal–res 70.43 1.25 0.65 10 1.25 0.65 0.85
The phase shifts for neutron scattering from 48Ca and
7Li and for proton scattering from 12C with these poten-
tials are plotted in Fig. 1 as functions of incident ener-
gies. For simplicity, only phase shifts of the s-waves are
presented, which are the most important partial waves for
these reactions at energies below 1 MeV. Clearly, we see
that these nonlocal potentials and their associated local
counterparts are not phase equivalent. The differences
in their phase shifts increase when the incident energy
increases. Given the fact that, for each nucleon-target
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FIG. 1. (Color online) S-wave phase shifts as functions of incident energies for neutron scattering from 48Ca (a), from 7Li (b),
and for proton scattering from 12C (c) with the potentials listed in Table. I. Phase shifts obtained with nonlocal and local
potentials are presented with solid and dashed curve, respectively. The s-wave phase shifts for the total spin 2+ of the n+7Li
system is shifted by pi for better visualization.
system, both local and nonlocal potentials are obtained
by fitting the same binding energies and s-save scatter-
ing lengths, these results suggest that other properties of
the nucleon-target systems, such as their effective ranges
[37, 38], are needed to confine these potential parame-
ters. We, however, do not endeavor to pursue exact phase
equivalence of these local and nonlocal potentials in this
work. With these potentials, we examine the effects of
nuclear potential nonlocality to direct capture reactions
in the following text.
B. Direct capture reaction cross sections with local
and nonlocal potentials
Cross sections of the 48Ca(n, γ)49Ca, 7Li(n, γ)8Li and
12C(p, γ)13N reactions are calculated using the aforemen-
tioned nonlocal potentials within the ranges of incident
energies from 0.01 MeV to 0.4 MeV, from 0.01 MeV to 2
MeV, and from 0 MeV to 1.2 MeV, respectively. Their
comparisons with the experimental data and with the re-
sults calculated using local potentials are also made. The
results are shown in Fig. 2. All calculations are made
with a modified version of the computer code RADCAP
[12].
For the 48Ca(n, γ)49Ca and 7Li(n, γ)8Li reactions, pro-
cesses of neutron capture to the ground and the first ex-
cited states of the composite nuclei are calculated sep-
arately. The summed cross sections are then obtained
by adding the cross sections of these processes multi-
plied with their corresponding neutron spectroscopic fac-
tors (SFs). The same is done for both local and nonlo-
cal potentials. The neutron SFs in the ground and the
first excited states of the composite nuclei are 0.72 and
0.86, respectively, for 49Ca [31] and are 0.87 and 0.48,
respectively, for 8Li [40]. From Fig. 2, one sees that
these summed cross sections reproduce the experimental
data reasonably well. The cross sections with the non-
local potentials are about 20% larger than those with
the local ones for the 48Ca(n, γ)49Ca reaction. However,
due to their large uncertainties, the experimental data
of this reaction can not discriminate which theoretical
result agrees better with them. The experimental data
of the 7Li(n, γ)8Li reaction, on the other hand, is shown
to be better reproduced with nonlocal potentials, which
is about 25% larger than the cross sections with local
potentials when the incident energy is below around 1
MeV.
For the 12C(p, γ)13N reaction, the astrophysical S-
factor defined in Eq. (5) is used instead of the cross
sections. Description of the experimental data requires a
coherent sum of the direct and resonance terms [32]:
S(E) = Sdir(E) + Sres(E)
+ 2[Sdir(E)Sres(E)]
1/2 cos(δγ),
(15)
where δγ is the resonance phase shift given by
δγ = arctan
[
Γ(E)
2(E − Eγ)
]
. (16)
The direct term, Sdir, is obtained when the bound and
scattering state wave functions are calculated with the
potential which was confined only with the ground state
binding energy of proton in 13N (groups local–dir and
nonlocal–dir in Table. I), while the resonance term, Sres,
is obtained when the scattering wave functions are cal-
culated with the potential that was adjusted to support
the resonant state at 0.422 MeV (groups local–res and
nonlocal–res in Table. I). The results are shown in Fig.
2 (c), from which, one sees that the direct terms of the S-
factor are almost identical with local and nonlocal poten-
tials. The changes induced by the nonlocality of nuclear
potentials manifest themselves in the resonance terms,
Sres. For incident energies at the vicinity of the resonance
energy and below, Sres calculated with local and nonlocal
potentials are very close to each other. Their difference
increases with the increase of the incident energy. At
around 1 MeV, they differ by around 25%. The interfer-
ence between Sdir and Sres are apparent and is seen to be
important for the description of the experimental data,
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FIG. 2. (Color online) Upper panels: comparisons between experimental data and results of theoretical calculations using local
and nonlocal potentials for reactions 48Ca(n,γ)49Ca (a), 7Li(n, γ)8Li (b), and 12C(p, γ)13N (c). Contributions of transition to the
ground (dashed curves) and the first excited sates (dotted curves) are shown explicitly for the 48Ca(n,γ)49Ca and 7Li(n, γ)8Li
reactions and their summed cross sections (multiplied by a factor of 5) are represented by solid curves. Results obtained with
local and nonlocal potentials are discriminated by thin and thick curves, with labels “nlp” and “lp”, respectively. Similarly,
contributions of direct and resonant terms and their coherent sums are plotted for the 12C(p, γ)13N reaction. The symbols
represents the experimental data for the 48Ca(n,γ)49Ca reaction from Ref. [31], for the 7Li(n, γ)8Li reaction from Ref. [39]
and for the 12C(p, γ)13N reaction from Refs. [32] (asterisk) and [34] (solid circles). Lower panels: comparisons of cross sections
with potential nonlocality treated in both bound and scattering states (the same as in the upper panels) with those treated in
the bound states only (solid curves) and in the scattering states only (double-dotted curves) for reactions 48Ca(n,γ)49Ca (d),
7Li(n, γ)8Li (e), and 12C(p, γ)13N (f). See the text for details.
which is familiar as in Ref. [32]. At the vicinity of the
resonance energy, the experimental data are rather well
reproduced by the coherent sums of Sdir and Sres calcu-
lated with both nonlocal and local potentials. At above
the resonant energies, however, they are underestimated
below 0.85 MeV and are overestimated above 0.85 MeV
by calculations with both potentials. The nonlocal po-
tential improved the description to the experimental data
between 0.55 and 0.8 MeV, but the calculated S-factor
are still smaller than the experimental ones by around
50%. Calculations with both local and nonlocal poten-
tials also overestimated the experimental data at below
the resonant energies. In all these calculations, Sdir is cal-
culated with a proton spectroscopic factor of 0.81, which
was determined with a 12C(3He,d)13N reaction [41]. The
proton SF in the 0.422 MeV resonant state was then de-
termined by matching the calculated S(E) with the ex-
perimental S-factor at the resonant energy. The resulting
SF of the resonant state is 0.36. It is very close to the
value (SF=0.35) obtained in Ref. [42].
The nonlocality of nuclear potentials affects both the
bound and the scattering wave functions as compared
with the wave functions calculated using local potentials
although both potentials reproduce the same binding en-
ergies and s-wave scattering lengths. It is interesting
to see the effects to the direct capture reactions from
changes in the bound and scattering wave functions sep-
arately. In the bottom panels of Fig. 2 we compare results
of calculations with potential nonlocality treated in both
bound and scattering wave functions (dashed and dotted
curves) with those calculated with nonlocality treated
only in the bound states (solid curves) or only in the
scattering states (double-dotted curves) for the three re-
actions. These results show that the effects of potential
nonlocality in bound and scattering state wave functions
affect the direct capture reactions differently and they
interfere constructively in the 7Li(n, γ)8Li reaction and
destructively in the 48Ca(n, γ)49Ca and 12C(p, γ)13N re-
actions.
IV. SUMMARY
Effects of potential nonlocality in direct radiative
capture reactions are studied with 48Ca(n, γ)49Ca,
7Li(n, γ)8Li and 12C(p, γ)13N reaction at low energies
with a potential model. Parameters of Perey-Buck type
nonlocal potentials are found for these reaction systems
and theoretical cross sections with these potentials are
compared with experimental data. Our results show that
6the reproduction to the experimental data is improved
when nonlocal potentials are used for the 7Li(n, γ)8Li and
12C(p, γ)13N reactions. A change of cross sections up to
around 25% is found for these three reaction. The effects
of potential nonlocality in the bound and continuum state
wave functions are found to affect the direct capture reac-
tions differently and they interfere, which suggests that
potential nonlocality should be treated simultaneously
for both bound and continuum state in direct capture
reactions.
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